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ANALYSIS OF THBE WALKINSHAW DIFFERENCE RESONANCE

In preparation for the Aladdin experiments, I will give an analytic
treatment of the Walkinshaw difference resonance. The treatment mearly

parallels that in LS-131 for the third-integral resonance.

1. Analysis of the Resonance

The Hamiltonian in the neighborhood of the Walkinshaw resonance
Vv, - 2V, = m (1.1)
can be written in terms of angle-action variables in the form

h 1/2

h

vXJX+vny+S(2Jx) (2Jy)sin(yx-2Yy-me+c)

+aJ 2+2bJ J Fcd 2 . (1.2)
X Xy |y

We first transform to resonant coordinates via the generating

function

F(Jlstny,Y},ye) = Jl(Yx~2Yy-me+C)+J2Yy 9 (1.3)

which gives

Yl = YX = zYy - mb + g 5 Yz = Yy 3 (104)
S I T (1.5)
Iy =T s Jy = a2 (1.6)



The resonant hamiltonian is

1/2 2 .
hW = €J1+vyJ2+28(2J1) (J2~-2Jl)sinY1+aJ1 +2bu1(J2 ZJI)
+c(J,~2J )2 (1.7)
2 1 ’ °
where
e=v - Zvy -m . (1.8)

We see that Jz is a constant of the motion. Note also that the motion is
required by Eq. (l.5) to lie within the circle 2Jy < Jp in the Jy, Y, —phase

plane.

In rectangular coordinates

Q = (2J1)l/zsinYl , P = (2J1)1/2cosY1 , (1.9)

the hamiltonian is

h, = %e (%) + ZSQ(J2~P2-Q2)+ %~a (P2+Q2)2+b(P2+Q2)(JZ—PZ—QZ)

222
e (T)PT0N)T + v Ty (1.10)

For the value of h, corresponding to the limiting circle J, -

2J; = 0, Eqs (1.10) factors into the product of two circles:

1

(JZ—PZ—QZ)[28Q+b(P2+Q2)+c(JZ—PZ-QZ)— %'e - 3 ad,- %a(P2+Q2)] =0 . (1.11)



The first factor is the limiting circle, and the second is the circle

2
2 5.2 _ B S
P +(Q+_A_) __..A._+.._..2. 5 (1.12)
A
where
ehoc— L =Llee- L
A=b-c 7a B € (c 4a)J2I o (1.13)

The circles intersect (if at all) in the points

Q =(B-A1,)/25 , P = i(Jz—Qoz)l/z . (1.14)

There are two cases:
a) |QO| > le/z « Circles do not intersect. (See Fig. 1l.)

b) ‘Qol < Jal/z » Circles intersect. (See Fig. 2.) The elliptic

fixed points occur at the points.

48523 1/2

Qos = o5 [ —=—1 1 , (1.15)

]

if we neglect the higher-order frequency shifting terms. The first—-order

correction for frequency-shift terms is

€A

[€2+4882J

Qup = Qop * 77 (1.16)
2]
where

_ 3 _ 3
AK = (2b 4e) JZQlOi + (até4c 4b) QlOi . (1.17)



It 1s convenlent,; both experimentally and theoretically to consider
motions in which the y-amplitude is Initially very small and the x—amplitude
is finite. 1In that case, J, = on, where X, 1s the initial x-amplitude. The

conditions above become

a) (Fig. 1) x, < | [e+ (a=2b)x,21/48|

b) (Fig. 2) x, > |[e + (a-2b)x 21/4s| . (1.18)
The term (a—-2b)xo2 is a higher order correction due to amplitude-~dependent
tune shifts. From Eq. (l.4), we see that the condition that y remains small
is that the phase point Q, P remains near the limiting circle. Therefore, in
case a), there is no coupling. A small initial y-amplitude remains small. In
case b), the phase point cannot remain near the limiting cirecle. Thus if x
exceeds the threshold value given by Eq. (1.18), the x and y motions are
coupled. the maximum y-amplitude occurs where the circular arc crosses the Q-

axis, i.e., at (£)Qy, where

2 1/2
_ /B, S _ s
Q = [g + =] |K¢ > (1.19)
A
and (+) is the sign of S/A.
The maximum y—amplitude is
2 _ 2 .2
Ymax 2(Xo QZ )
2 3 2
= 2x02 - fL.+-.EfLZ-+ (c - %a)—fi-(xoz ~ fL_§)+ cee . (1.20)
8S 1288 28 648

where the last line gives the first order correction due to amplitude-

dependent tune shifts.

It is of interest to estimate the frequency of energy exchange
between x and y motion in case b). Since the points Qys * P, are fixed
points, the period for zero initial y-—amplitude is infinite. For small initial
y~amplitude, the phase point moves around the limiting circle in Fig. 2 until it
arrives at the fixed point. It remains near the fixed point for a time,

depending on the y-amplitude, and then traverses the circular arc up to the



other fixed point. The y-motion therefore comsists of a long time near zero
-amplitude, punctuated by periodic Increases to a maximum given by Eq. (1.20)
and subsequent fall to near zero amplitude. If we neglect the terms in a, b,

and ¢, the circular arc becomes the straight line

€

Q = 7 (1.21)
We can integrate the equation of motion for P along this line, to obtain
P = PO tanh (ZPOSG) N (1.22)

where P, 1s given by Eq. (1.14):

P =X - 5 | (1.23)

The time scale for the pulse in y-amplitude is therefore

é%—= 4n; s 4ﬂi 3 revolutionse. (1.24)
o )

We can calculate the frequency of motion about the fixed points Qli‘ The

result, for € = 0 and neglecting a, b, and ¢ is

v, = 4xOS oscillations/revolution. (1.25)

The time scale is of the same order as that given by Eq. (1.24).

These time scales are shorter than radiation damping times, so it
should be possible to see coupling phenomena. Radiation damping will damp the
motion in Fig. 2 toward the fixed points, at the same time damping the value

of Jo, which will move the system toward the non-resonant case, unless € = 0.



2. Connection with the Real Ring

We follow the same analysis as in LS-131 through Eq. [2.7]. (I will
use square bracket to indicate equation numbers from LS-131.) We substitute

from Eq. [2.3] in Eq. [2.6], to obtain, in place of Eq. [2.8],

-1 B2 . 3/2, 3/2 3
Hw = R HO(JX,Jy) + 55 8(s sj)(ZJX) BX sin (YX wX)
_B"4 3 1/2 1/2 . _ 2 _
Eﬁs-ﬁ(s sj)BX By(ZJX) (2Jy)51n(YX ¢X)Sin (Yy wy) s (2.1)
where
H (3,3 ) = v.J +v.J +aJ 24+2bJ J +cJ 2 . (2.2)
o' x*y xXx Vy X Xy y

We now make the substitutions [2.9] and [2.10], with the result, in place of
Eq. [2.11],

(s3]

3
Hog = BO(I 000 + T 83(23)

m=-—"

/2.
[ 51n(3YX m9+msj/R 3wxj)

+351n(YX—m8+msj/R—¢Xj)]

> 1
- 3
5,(23.)

m=—®

/2 .
2 - -m6 - -
( Jy)[ Sln(Yx+2Yy m +msj/R V] 3 2 j)

“sin(YX—ZYy~m8+ms /R—wxj+2wyj)+ ZSin(YX—m6+msj/R—jo)] N (2.3)

3

where S5 is given by Eq. [2.12], and
8. 1/25 5y
s = (22—

W [ 16 ™ Bp ) s=sj ° (2.4)

After dropping or transforming away the non-resonant terms, we are left with

the Hamiltonian (l.2), with S given by Eq. (2.4), and

= S . R" .+2 . ® 2.
z me/ wXJ Wyj (2.5)



3. Trapsforming the Non—Rescnant Terms

The non-resonant terms in Eq. (2.3) can be transformed away by the

method used in LS-131, Section 3. We introduce a generating function

- 3/2 1/2
F = ixYX + nyy + (zix) 23 + (2£X) (2£y)zw R (3.1)

where

23 = i [Fm73cos(3YX—me+msj/R—3¢Xj)+Fm,3lcos(Yx—m6+msj/R—¢Xj)] R

I = év[Fm,+cos(YX+2Yy—m9+mSj/R-¢—2¢yj)

+Fm,_cos(YX—ZYy~m8+msj/R*jo+2wyj)

+Fm,wlcos(Yx~m9+msj/R~¢Xj)] . (3.2)

The transformation equations for J are

33 33
3= =u v )Y 2 i) ey 22,
X Y, X _X Ty X D AN
33 33
3% 3/2 °%3 1/2 w
= = + —_—— - °
s Iyt @ @ Pa) o (3.9)

The third-order terms in Hg can be written as in Eq. [3.4]. They can be wmade

to vanish by setting

. ~ —S3 . ~ 3 S3
m'3" 3v_-m' ° m'31 v~ m'
Sw Sw -2 S
S —— N ——— = ° { -
Fm'+ vV 42V -m' i Fm'— v -2y -m' ? Fm'wl v_-m' (3.4
x y X y X
We do not want to transform away the resonant term, so we set F _ = 0, for the

value m' = m corresponding to the resonance (l.l). (In Aladdin, m = -7.)



We can now calculate the 8-independent terms of fourth order

in Hg. The resulting corrections to the coefficients in Eq. (2.2) are

2 1 3
T R T S T T I S SO IS

by = 38y T (=3F 4 0) - S, T [-2F g -4F + 2P AF ]

s w o, m'wl m'+
m m
245,8 -85 > 25 2 2 2
Y 3w TTw W 3 W }
. vV -m' Vv +2v —mf v ~2v -nm'
m X Xy x Ty
L (245,85 =88 Z) [ = 26V ] = 28 *[mmmee = 26(V 42V ) = 26(v -2V )] (3.6)
3w T w va x W G(vx+2vy) x Ty x Ty
o _ o 2 R 1 1
€s 2Sw Z,[ ZFm'w'l+ Fm'++Fm'—] - 12Sw z,[v -m' + v +2v -m' v -2V ~m']
m m' x x 'y x “y
S gt L = 48y = (Vv 42V ) = 8(v_~2v )] (3.7)
w GvX G(vx+2vy) X x Oy x 7y ¢

Formula (3.5) agrees with [3.7], except that there 1s no missing resonant

term. The term 8z is again defined as z-m, where m is the nearest integer to z.
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Fig. 1. Non-resonant case.
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Fig. 2. Resonant Case




